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Abstract 
To predict stability boundaries of cutting operations models of process forces and dynamic machine behavior are required. Uncertainties of 
model parameters may lead to significant differences between predicted and measured stability boundaries. To run a lot of simulations with 
random parameters is a possible approach to take these uncertainties into account when analyzing the stability behavior. However, this is a time 
consuming task. This paper presents a time efficient method to provide confidence levels of computed stability lobe diagrams based on stability 
analysis in frequency domain. The required computational time is compared to the effort for an explicit calculation with different stability 
algorithms. The confidence levels are compared to experimentally determined stability lobe diagrams.  
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Peer-review under responsibility of the International Scientific Committee of 7th HPC 2016 in the person of the Conference Chair Prof. 
Matthias Putz. 
 Keywords: milling; simulation; chatter; stability lobe diagrams 
 
1. Introduction 
The computation of stability boundaries (i.e. the prediction 
of chatter vibrations) of cutting processes requires the 
modeling and parameterization of process forces and dynamic 
machine behavior. These boundaries can be represented by 
stability lobe diagrams (SLDs) depicting the critical axial 
depth of cut apcrit versus the spindle speed nSpindle. Conducting 
a stability analysis for a given set of model parameters 
provides only a single stability boundary. However, a real 
process will not show such a sharp boundary. Uncertainties of 
process and machine parameters will result in uncertainties of 
the stability lobe diagram (SLD). For a robust chatter 
prediction these uncertainties have to be taken into account. 
Various authors presented methods to determine 
confidence levels of computed SLDs. Kong et al. [1] and 
Sims et al. [2] applied a fuzzy approach and Totis [3] applied 
a probabilistic approach to describe parameter uncertainties 
when conducting a stability analysis. Because of the complex 
and nonlinear relations between model parameters and 
resulting stability boundary, the confidence levels cannot be 
calculated analytically. Instead, numerous simulation runs 
under variation of parameters have to be carried out. Although 
the mentioned authors applied computational time efficient 
stability algorithms in discrete time domain or frequency 
domain respectively, they conclude that the computational 
effort is very high and increases dramatically with the number 
of uncertain parameters.  
This paper presents a method to reduce the computational 
effort to run simulations under variation of model parameters. 
This allows providing confidence levels of stability 
boundaries for a great number of uncertain parameters within 
an acceptable time. 
2. Stability Analysis in Frequency Domain 
2.1. Computation of Stability Lobe Diagrams 
To predict the stability boundaries of cutting processes the 
interactions within the closed-loop of the coupled subsystems 
machine and process are examined.  
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Fig. 1. Milling process 
Regenerative chatter is caused by the repetitive 
engagement of a tooth (j) into the surface cut by the preceding 
tooth (j-1), see Fig. 1. The oriented transfer function matrix 
G0 of open loop is described by 
  GAG  ZW 1ea ip0  (1) 
with axial depth of cut ap, tooth passing period W and 
matrix of the frequency response functions of the machine G. 
The transformation between the effective directions of cutting 
forces and dynamic displacements is conducted by means of 
directional coefficients. The matrix A summarizes the 
directional coefficients and the process force coefficients kt 
und kr. For the stability analysis the Nyquist stability criterion 
is applied to G0. The Nyquist criterion indicates that the 
closed loop is stable if the open loop transfer function does 
not encircle the point {-1, 0·i} in the complex plane. To apply 
this criterion, the investigated system has to have only one 
coordinate or – in the case of a multi variable system – the 
coordinates have to be decoupled. Similar to a modal 
transformation the coordinates can be decoupled by 
calculating the eigenvalues / of G0. The Nyquist criterion can 
then be applied to every single eigenvalue [4]. 
In milling operations, the directional coefficients depend 
on the immersion angle M. Therefore, they are time dependent 
and cannot simply be transferred into frequency domain. 
However, for many process conditions it is feasible to apply 
average directional coefficients. This approach is called 
zeroth order approximation (ZOA). Operations with highly 
intermittent cutting conditions, such as low immersion 
milling, show very strong time dependency, which is assumed 
to affect the process stability. To take this into account Budak 
and Altintas expanded the single frequency solution [4] to the 
multi frequency solution to predict stability boundaries in 
frequency domain [5], which was later on applied on low 
immersion milling for a machine behavior with single degree 
of freedom (SDoF) characteristic by Merdol and Altintas [6]. 
The authors of this paper showed the influence of time 
dependent directional coefficients on a multi degree of 
freedom system (MDoF-System) [7]. 
The multi frequency solution utilizes the fact, that the 
directional coefficients are periodic with tooth passing 
frequency ZW. Because of this, they can be expanded into a 
Fourier series 
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In (2) hr denotes the Fourier order at which the series 
expansion is truncated. The necessary order depends on the 
relations between tooth passing frequency and natural 
frequencies of the machine [6,7]. An order hr= 0 corresponds 
to the ZOA method. Applied on the transfer function of the 
process machine interaction, this approach leads to a transfer 
function matrix according to (1), where G0 is of dimension 
]·(2·hr+1), which equals the number of Eigenvalues to be 
calculated [6]. ] is the number of the structural coordinates 
(]= 2 for a stability analysis in the x-y-plane). 
To predict the stability boundaries G0 and its Eigenvalues 
have to be calculated first. Then the Nyquist criterion can be 
applied to the oriented transfer functions. The most 
computational effort accumulates to calculate the oriented 
transfer function.  
2.2. Approximation of Transfer Functions 
The basic idea to reduce computational time is not to 
compute the oriented transfer function explicitly for every 
new parameter set, but to find an appropriate approximation. 
A parameter variation 'P results in a change of magnitude R 
and phase angle E of transfer function G0, see Fig. 2. In an 
initial step the transfer functions for parameter changes about 
the standard deviation of each parameter ±'PSTD are 
calculated explicitly. The changes of magnitudes and phase 
angles for an arbitrary parameter variation are approximated 
linearly. 
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Fig. 2. Parameter influence on oriented transfer function 
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The coefficients c of the approximation solution are 
identified using a set of initial explicit calculation of transfer 
functions. The required number of explicit calculations equals 
1 + 2·p + 4·m. This results from one explicit calculation for 
the average parameter set P0, the average parameter value 
plus/minus the standard deviation for each parameter p and 
for each combination of natural frequency Z0 and damping 
ratio D at every mode m. 
The approximated transfer function G0,App(P) for an 
parameter set P with p uncertain parameters can now be 
computed as follows: 
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An investigation of the accuracy of the approximation 
solution showed, that the accuracy can be increased if 
parameter interdependencies are taken into account. So the 
approach is expanded by interdependencies between natural 
frequency Z0 and damping ratio D at each mode m. 
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3. Reference Process 
3.1. Machine Behavior 
Cutting experiments were conducted on a milling machine 
Mikromat 4 V HSC. The modal parameters of the machine 
model have been identified from measured frequency 
response function. Since the spindle dynamics shows a speed 
dependent behavior, the measurement was conducted on the 
rotating spindle for the direct compliances and the cross 
compliances as well. Different sets of modal parameters were 
identified for discrete speeds. During the stability analysis the 
parameters for speeds with no measured data are interpolated 
linearly. Fig. 3 depicts the measured and simulated 
compliance for the direct response in y direction for the non 
rotating spindle. For the complete model parameters for 54 
modes have been identified, which results in 162 dynamic 
parameters in total. 
The parameter uncertainties are represented by a normal 
distribution. To estimate the mean values and standard 
deviation series of measurements were conducted under 
different conditions. This includes excitation by hand and 
with a device that ensures a nearly constant point of excitation 
and impact force as well as series with a tool change executed 
between the single measurements. For the investigations 
presented in the following section a relative standard 
deviation of VZ= 0.005 has been applied to all natural 
frequencies. For the dynamic compliance at resonance 
frequency the value is set to VG= 0.1 and for the damping ratio 
it amounts to VD= 0.2. These values summarize measurement 
errors, errors of the parameter identification algorithm and 
changes of physical parameters of the real structure and are 
applied for directions and all spindle speeds. The 
experimental amount to obtain the values of the standard 
deviation of the parameters is relatively high. But the 
determined parameter uncertainties are valid for the 
investigated machine and can later on be used for the 
simulation of arbitrary machining operations. 
 
Fig. 3. Frequency response function Gyy at spindle speed nSpindle= 0 
3.2. Cutting Process 
The simulation and experimental determination of SLDs 
was conducted for up milling an aluminum AA7075 
workpiece with a cylindrical end mill, Table 1. The radial and 
tangential cutting force coefficients kr and kt have been 
identified in preliminary cutting tests. The uncertainties of 
cutting force coefficients have not been investigated here. 
Table 1. Process parameters 
tool diameter dTool= 12 mm 
radial immersion ae= 3 mm 
number of teeth z= 4 
helix angle O= 30° 
tangential force coefficient  kt= 804 N/mm² 
radial force coefficient kr= 171 N/mm² 
4. Results 
The presented algorithms were implemented in Matlab. 
According to the number of dynamic parameters 541 explicit 
calculations of transfer functions have to be carried out. Based 
on these calculations the coefficients of the approximation 
solution are computed for each frequency Zk. The coefficients 
have to be stored. This results in a higher amount of required 
memory (approximately 1 GB). The explicit calculation of a 
single SLD takes 0.1 seconds (PC with Intel Core i7 2600K, 
3,4 GHz; 8GB RAM). Compared to the explicit calculation 
the approximation is slightly faster, but only 2-3 times. The 
ZOA algorithm computes at each frequency the eigenvalues 
of transfer function matrix G0, which is of dimension 2. The 
dimension increases for the multi frequency solution. For a 
Fourier order of hr= 2 the eigenvalues of a 10x10 matrix have 
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to be computed. For this example, the explicit computation of 
a SLD by the multi frequency solution takes 170 times longer 
than the explicit computation with ZOA method. So, the 
amount of saved computational time will be much higher, if 
the approximation is applied to the multi frequency solution. 
To apply the presented approach to the multi frequency 
solution is part of ongoing works. Table 2 compares 
computational time and required memory for the different 
approaches. 
Table 2. Comparison of computational time and allocated memory 
 ZOA approximated ZOA explicit 
relative 
computational time 0.36 1 
relative allocated 
memory |541 1 
 
 
Fig. 4. Confidence levels, explicit computation 
 
Fig. 5. Confidence levels, approximated computation 
To compute the confidence levels 10000 parameter sets 
were randomly generated and the according number of 
simulations was conducted. Fig. 4 shows the explicitly 
computed confidence levels representing the probability of an 
unstable cut. Compared to the confidence levels Fig 4 depicts 
the stability boundaries for the mean values of the parameters 
as well as the boundaries for all parameters set to the positive 
standard deviation and to the negative standard deviation 
respectively. As it can be seen the extreme values of all 
parameters do not represent the minima or maxima of the 
stability boundaries. These can only be found by a large 
number of simulation runs, which therefore can be said to be 
necessary for a robust chatter prediction.  
The approximation solution shows nearly the same 
confidence levels as the explicit computation, see Fig. 5. The 
average deviation for all 10000 simulations amounts 3.4%. 
Uncertainties of the model parameters cause noticeable 
uncertainties of the stability lobe diagrams. Experimental 
results are within the 95% confidence level. Taking the 
parameter uncertainties into account can explain the 
differences between the simulated and the measured stability 
boundaries. However, only 2 stability boundaries have been 
determined by experiments. More cutting tests have to be 
conducted to validate the simulation results. 
5. Conclusion 
Confidence levels of computed stability lobe diagrams can 
be provided by conducting Monte Carlo simulations. This 
requires a lot of simulations under variation of parameters. To 
reduce the computational time the oriented transfer functions 
are determined by an approximation solution presented in this 
paper. However, the amount of saved computational time is 
not very high, if the approach is applied to the ZOA method. 
But it shows a high potential regarding the multi frequency 
solution.  
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